Yield stress fluid (YSF) flows through porous materials are fundamental to biological, industrial, and geophysical processes, from blood and mucus transport to enhanced oil recovery. Despite their widely recognized importance across scales, the emergent transport properties of YSFs in porous environments remain poorly understood due to the nonlinear interplay between complex fluid rheology and pore microstructure. Here, we combine microfluidic experiments and nonlinear network theory to uncover an anomalous, hierarchical yielding process in the fluidization transition of a generic YSF flowing through a random medium. Percolation of a single fluidized filament gives way to pathways that branch and merge to form a complex flow network within the saturated porous medium. The evolution of the fluidized network with the flowing fraction of YSF results in a highly nonlinear flow conductivity and reveals a novel dispersion mechanism, resulting from the rerouting of fluid streamlines. The identified flow percolation phenomenon has broad implications for YSF transport in natural and engineered systems, and provides a tractable archetype for a diverse class of breakdown phenomena.
Pillar locations in experiments and simulations are generated by randomizing a hexagonal lattice (see also Supplemental Material [25] ). Porosity color coding is carried throughout all figures. Scale bars, 250 μm. (b) Experimentally measured flow speed fields generated from particle tracking data [25] . Flow direction is from left to right in all figures. Rows correspond to the porosities in panel (a) and columns correspond to four selected yielded fractions , with pressure drop P increasing from left to right. Flow speed v is normalized by the median flow speed v m for each map. Black zones are arrested microgel and pillars. Scale bar, 1 mm. (c) Flow speed maps from pore network simulations [25] for parameters corresponding to panel (b).
bulk mechanical properties of YSFs [1] [2] [3] 9, 10] , but relatively little is known about their transport properties in geometrically complex, realistic environments beyond numerical work [11] [12] [13] [14] [15] [16] .
YSFs often flow through porous materials characterized by significant geometrical heterogeneity, such as soils and blood vessel networks [17] . The coexistence of fluidized and arrested yield stress material and its potential effects on fluid transport through heterogeneous porous media have not been realized experimentally [4, 9, 12, 16] , despite numerical predictions from porescale [16, 18] and continuous simulations [11] . Newtonian fluid flows through porous media have been extensively studied [19, 20] , and are characterized by a linear transport relationship between fluid flux and applied pressure gradient, namely Darcy's Law [9] . In contrast, multiphase fluid flows through porous media exhibit a rich array of flow topologies, which are dictated by the coupling of pore geometry and material properties, for example surface tension or viscosity contrast in drainage and infiltration flows [21] [22] [23] . Here, we demonstrate through microfluidic experiments that yield stress rheology leads to the fluidization of discrete pathways that coexist with arrested, solid regions of the same material under finite applied pressure gradients (Figs. 1(a) and 1(b); see Supplemental Material for a movie [24] ). The percolation and subsequent growth of the fluidized network within the porous microstructure result in strongly nonlinear transport properties. A newly developed, highly scalable, nonlocal, network-based theory [25] for YSF flows in porous media corroborates our experimental findings [ Fig. 1(c) ], and provides a conceptual and computational framework for future studies.
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II. EXPERIMENTAL METHODS AND PORE NETWORK MODELING
A. Microfluidic model porous medium
To identify the transport characteristics of pressure-driven YSFs in disordered porous media, we designed a quasi-two-dimensional, porous microfluidic device (20 mm long, 3.6 mm wide, 35 μm high). Cylindrical pillars of radius r, placed on a randomly perturbed hexagonal lattice (see Supplemental Material [25] ), control the porosity σ , which was tuned over a broad range 0.46 σ 0.84 by adjusting the pillar radius 25 r 47.5 μm [ Fig. 1(a) ]. Porous microfluidic devices were fabricated using standard soft lithography techniques [26] . A master mold was created using photolithography (SU-8 2025, Microchem; see Supplemental Material [25] ). The mold contained four individual microchannels with identical randomized pillar arrangements but different pillar radii (r = 25, 32.5, 40, and 47.5 μm) corresponding to the four porosities (σ = 0.46, 0.60, 0.73, and 0.84), respectively. Polydimethylsiloxane (PDMS; Sylgard 184, Dow Corning) microchannels were cast from the mold, plasma bonded to a glass microscope slide, and reinforced on top with an additional glass slide [25] to sustain high pressures in experiments (<2 bar). Prior to experiments, the glass-reinforced microchannels were chemically treated by flowing an ethanol and water solution to ensure homogeneous microgel-surface interactions (see Supplemental Material [25] ).
A canonical YSF, Carbopol microgel (ETD 2050, Lubrizol) [10, 13, 27] , was prepared following the recipe of Geraud et al. [27] with dilute fluorescent microspheres (500 nm diameter) to trace the flow. Briefly, deionized water with microspheres was heated to 50
• C and mixed with Carbopol powder (0.5% w/v; 100 rpm for 30 min). The cooled solution was pH adjusted to 6.5 pH using NaOH with continuous stirring (100 rpm). The microgel suspension was then stirred (2100 rpm for 12 h) to homogenize the microgel particle sizes, and bubbles were removed via centrifugation (2000 rcf for 10 min). The yield stress behavior of the transparent microgel was measured on a cone and plate rheometer (see Supplemental Material for details [25] ). The resulting flow curve for the stress, τ , versus strain rate,γ , was fitted well by the Herschel-Bulkley model
The resulting measured yield stress parameters for our microgel were the yield stress τ c = 3.0 ± 0.2 Pa, the consistency index κ = 1.2 ± 0.1 (SI units), and the flow index n = 0.55 ± 0.02, which agree well with previously reported values for similar sample preparations [27] . Flow through the porous microfluidic channels was driven by a precision pressure controller (Elveflow OB-1), and after loading microchannels with YSF, the flow was arrested at 0 bar ( = 0; 30 min). For each porous channel, the pressure drop P along the channel was increased stepwise from 0 mbar to a maximum pressure in the range 600-1300 mbar, until the microgel was fully yielded ( = 1). Each intermediate pressure was held for 20 min to ensure steady-state flow. Fluorescent tracer particle motion was captured (Nikon Ti-e; 4×, 0.13 NA objective) in 20 separate videos per pressure (30 s long, 8 frames/s; Andor Zyla). Particles were tracked using custom MATLAB codes with a predictive algorithm. Particle trajectories were smoothed using a five-point Savitzky-Golay filter, and velocity fields [ Fig. 1(b) ] were generated by binning tracer velocity in a regularized grid [25] . The experimental data presented here comprise the measured flow field for each applied pressure over one pressure cycle for each porosity.
B. Nonlinear pore network model
To rationalize our experiments, we perform corresponding nonlinear pore network simulations ( Fig. 1(c) ; see also Supplemental Material [25] ) [14, 16] . To model the flow of the microgel, we first discretize the pore geometry into a network of nodes and edges by means of a Voronoi tesselation. In this approach, each edge corresponds to a throat between two pillars. Throats merge at pores that correspond to the nodes of the network. As suggested by experimental observations, the dominant effect of the complex microgel rheology at this scale lies in a nonlinear relationship between the volumetric flow f through an edge and the local pressure drop p across it. We approximate this nonlinearity by requiring edge flows f ∼ 0 on edges with pressure drops below a 063303-3 geometry-dependent local yielding pressure p c . Conversely, we assume a power-law increase
for edges where the pressure drop p > p c [25] . Geometry enters into the model by scaling the nonlinear pressure-flow relationship for each edge by a local hydraulic conductance k that accounts for the width and length of a throat. For each edge, the yielding pressure is calculated as
where L is the duct length, H is the height, and W is the width, respectively. For s = 1, p c coincides with the yielding pressure of a YSF in a circular duct [28, 29] with radius
We note that our choice introduces a strong simplification of the rectangular throat cross-sectional geometry. This simplification was necessary because, to our knowledge, no closed form analytical expression for flow in a rectangular duct is available. Qualitatively, we observed the best results for the particular choice of equivalent radius, R, given in Eq. (4). As the introduced error is largest in throats with extreme aspect ratios, the qualitatively good agreement with experiments suggests that such throats typically do not participate in the flow network. In Eq. (3), we also introduced 0 < s 1 as an attenuation factor, which decreases as the flow in directly neighboring edges increases [25] . Consequently, p c of an edge is reduced if neighboring edges are yielded. The attenuation factor is motivated as follows: If a physical throat yields, a minimum of two adjacent pores must also yield to allow the microgel to flow and to maintain continuity. This effect is not accounted for in a standard network model, since the nodes do not represent physical space and thus do not contribute to the yielding pressure. The attenuation factor corrects for this effect, and proved important to capture the flow topologies observed in experiments [ Fig. 1(c) ].
To simulate the nonlinear flow, the unknown pressure field was assigned to the nodes, and the effective flux along edges (throats) was described by the above nonlinear conductance law, based on the Herschel-Bulkley flow through a duct [25] . Inlet and outlet fluxes were prescribed for nodes at the right and left boundaries of the network, respectively. By enforcing incompressibility of the fluid at each node, a well-defined nonlinear optimization problem was obtained [25] . Starting from small inlet/outlet fluxes, MATLAB's Levenberg-Marquardt algorithm was then used to solve for the unknown pressure field and edge fluxes, closely mimicking the experimental protocol.
III. RESULTS AND DISCUSSION
A. Yield stress fluid percolation transition in porous media
As the pressure drop increases from 0 mbar, the microgel locally yields at a small but finite pressure drop P c > 0, indicative of its yield stress rheology ( Fig. 1(b) ; see Supplemental Material for a movie [24] ). The yielded volume fraction quantifies the relative amount of fluidized material. Upon yielding, continuity requires the fluidized phase of the microgel to percolate across the medium. Consequently, for the flow to set in a specific location of the channel, not only does the pressure gradient needs to surpass a local threshold associated with the local geometry, but it needs to be part of a global subset of the network where this condition is fulfilled. Strikingly, the flow is initially supported by only a few discrete fluidized pathways, whereas the bulk of the material remains in the solid phase [ ≈ 0.25; Fig. 1(b) ]. Upon further increasing the pressure, the network of fluidized paths grows [ ≈ 0.5, 0.75; Fig. 1(b) ], eventually overtaking the entire pore space of the medium ( ≈ 1.0; Fig. 1 ). Predictions from our pore network simulations agree well with these observations [ Fig. 1(c) 
B. Coexistence of fluidized and arrested phases
Macroscopically, the transition from arrested to fully yielded flow is characterized by a smooth increase of the yielded volume fraction with increasing pressure difference P [ Fig. 2(a) ]. While the yielding onset and slope vary with porosity σ , the sigmoidal shape of the transition in is universal [ Fig. 2(a) , inset]. We identify three distinct regimes in qualitative agreement with predictions from earlier Lattice-Boltzmann simulations [12] : (i) For small pressure drops, the entire microgel remains unyielded with = 0. (ii) Once the yielding transition begins, increases continuously (0 < < 1) with P over a finite range of pressure drops. (iii) Beyond this range of pressure drops, the entire microgel yields, and the yielded fraction saturates at = 1 [ Fig. 2(a) ]. We emphasize that, in contrast to the discontinuous jump of the yielded fluid fraction for a single duct [27] , the fluidization transition in porous media is smooth over a wide range of pressure drops, and exhibits a universal behavior across the inspected range of porosities [ Fig. 2(a) , inset]. The applied pressure P was nondimensionalized as P * by rescaling
The transition pressure P| =0.5 at which 50% of the material is yielded and the slope of the fluidization transition d /d P| =0.5 at the transition pressure were evaluated by fitting splines to the experimental data.
The onset pressure P c of the percolation flow transition increases with decreasing porosity [ Fig. 2(a) ]. The onset pressure difference can be estimated by assuming that, upon percolation, the YSF flows through a single, effective duct with length L set to the length of the medium (L = 20 mm) and porosity-dependent radius R, approximated from a hexagonal pillar lattice. For the lattice spacing a = 120 μm and pillar radius r(σ ), the duct radius is R ≈ [a − 2r(σ )]/2. The estimated onset pressure [28] is thus P c = 2τ c L/R, which predicts P c = {34 mbar, 44 mbar, 60 mbar, 96 mbar} for porosities σ = {0.84, 0.73, 0.60, 0.46}. These simple estimates correspond to the observed onset of the yielding process [ Fig. 2(a) ].
C. Partial yielding drives an additional nonlinear bulk conductivity regime
Selective yielding, caused by geometrical inhomogeneities in the porous medium, results in a highly nonlinear hydraulic conductivity. During the yielding transition, the measured volumetric flow rate Q increases rapidly with P before approaching an asymptotic regime at large pressures [ Fig. 2(b) ]. The nonlinear increase in Q is rationalized as follows: Just beyond the critical pressure P > P c , the YSF undergoes the yielding transition (0 < < 1), where two effects conspire to dramatically increase the flow rate [12] . An increase in P increases the flux along existing fluidized pathways and simultaneously yields new pathways [ Fig. 2(b) ]. For sufficiently large P beyond the yielding transition ( = 1), no additional pathways are available. The conductivity decreases and approaches Darcy's law, Q ∼ ( P/L) 1/n , which reflects the shear thinning behavior of the microgel, τ ∼γ n [black line, 1/n ≈ 1.8; Fig. 2(b) ] [4, 27, 30] . Thus, in a porous medium, the macroscopic flow rate Q in the fully yielded regime behaves as a YSF flow in a simple duct [13, 27] . However, in the partially yielded transitional regime, Q exhibits a strongly nonlinear dependence on P, due to the geometrical disorder of the porous medium [12, 18, 31] .
D. Pore geometry dominates flow statistics
To further elucidate the interplay between rheology and geometry, we analyze the flow speed distributions in the porous medium [ Fig. 2(c) ]. In addition to its yield stress, the microgel is shear thinning [27] . Yet, for a given porosity, the probability distributions of normalized flow speed v/ v collapse onto a single curve for all yielded fractions [ Fig. 2(c)] . Surprisingly, we observe similar speed distributions for a Newtonian fluid [32] [ Fig. 2(c) , black curves], indicating that variations in the pore geometry, not rheology, dictate flow speed statistics [20, 30] . Moreover, the invariance of the speed distributions throughout the yielding transition implies that the initially filamentous flow at the onset of percolation uniformly samples the distribution of throat conductivity in the porous network. As path yielding is dictated by overall resistivity, the emergent path structure may be dominated by a few, statistically rare, high-resistance throats. Flow speed distributions are insensitive to such rare events, which would not impact their shape throughout the yielding process.
E. Pressure cycling reveals hysteresis of the yielded fraction
Despite the known shortcomings of bulk rheological models to capture finite size and surface effects in YSF flows [27] , the scaling arguments and pore network simulations presented above perform strikingly well in quantifying fluid transport during the fluidization transition in porous media. Signatures of these effects, including yielding transition hysteresis and partial slip, are indeed present our system. While they add to the richness of the yielding process, their presence also reinforces the robustness of our analysis, based on a nonslip Herschel-Bulkley model [28] , to quantitatively characterize the system's transport properties.
Upon cycling of the applied pressure drop, the fluidization transition, characterized by the yielded fraction, exhibits hysteresis, which is not predicted by simple rheological models (Fig. 3) . In particular, yielding the microgel requires a pressure drop that is a factor of ≈2 larger compared to the pressure drop at which resolidification occurs for = 0.5. Unlike thixotropic laponite suspensions, bulk rheological hysteresis is generally not observed in Carbopol, due to the relatively fast reconfiguration time of the microgel [33] . Rather, we hypothesize that the yielded fraction hysteresis observed here stems from polymer granularity and surface slip (Fig. 4) , since the throat size is 5 to 8 times larger than the reported microgel particle size [34] . High resolution velocity field measurements at the pore scale [ Fig. 4(a) ] revealed that yielded microgel exhibits little to no slip along unyielded microgel domains, but has significant partial slip in the vicinity of PDMS pillars [ Fig. 4(b) ], where the latter is well established for microgels [1, 35] . Focused on the coarser, 063303-6 hydraulic network scale, our pore-network model, based on the macroscale bulk rheology of the microgel and non-slip models of the flow in simplified ducts, overlooks these nuanced microscale effects, and yet accurately predicts the topological characteristics of the ramified flow field observed in experiments.
F. Partial yielding reroutes flow paths
Due to the strong dependence of flow topology on porous geometry, we expect that the dispersive properties of the YSF flow evolve as the effective pore structure changes with the yielded fraction. Dispersion in viscosity-dominated, low Reynolds number, Newtonian flows through porous media is well documented [20, 36, 37] . In such flows, the flow topology is invariant with changes in pressure, and the flow rate increases linearly with P, thus preserving the hydrodynamic dispersion properties of the system [19, 38] . In contrast, the nonlinear rheology of YSFs enables the breakdown of throat resistance and subsequent activation of new pores with increasing pressure drop. The result is a complex, effective microstructure [ Fig. 5(a) ] that evolves with applied pressure. We demonstrate that this phenomenon modifies the Lagrangian transport properties both at the pore scale further increases of P, in line with Newtonian porous media flows [19] . Thus, changes in the Lagrangian transport are dominated by the yielding process rather than the subsequent viscous rate dependence.
G. Yielded hydraulic network transitions from filamentous to branched topology
At the network scale, we study how pores (vertices) become fluidized and connected by an increasing number of active throats [edges; Fig. 5(a) , blue] during the yielding transition. The measured flow field is projected onto the discretized, underlying pore network using Voronoi tessellation [ Fig. 5(a) ; see also Supplemental Material [25] ]. This mapping enables direct comparison of the flowing pore network structure between experiments and simulations. Network theory has yielded fundamental insights into complex percolation [39] and flow [20, 40] phenomena. These concepts are assimilated here through the analysis of a novel physical and simulated model system [25] . In both experiments and simulations, at low to intermediate yielded fraction, the flow network is dominated by long, nonbranching filaments, defined as sequences of edges connecting degree-2 vertices Fig. 1(b) ], along which the fluid velocity remains strongly correlated [38] [ Fig. 5(a) ]. However, as → 1, additional edges become activated, leading to dendritic flow topologies [ Fig. 1(b) ]. This branching process is characterized by an increase in the average vertex degree and a subexponential decrease of the average excess filament length N − 1 with increasing pressure [ Fig. 5(f) ].
IV. CONCLUSION
In spite of the homogeneously random microstructure, fluid transport at intermediate yielded fractions is dominated by the heterogeneous, effective pore structure of the emergent, filamentous flowing network. In porous media and numerous other systems, the introduction of such geometric heterogeneity is known to increase dispersive properties [36, 37, 41] , due to enhanced spatial and temporal correlation. Thus, the strong persistence and lack of bifurcating streamlines within the filamentous flows identified here is expected to drastically augment dispersion [36, 38, 42] , especially for small . Control of the dispersive properties, via the topology of the flowing fraction, opens new avenues for anomalous transport in YSF flows, in particular for non-Brownian particles such as suspensions and microbes [43] .
Our experimental and theoretical results demonstrate that the coupling between yield stress rheology and geometry gives rise to striking flow topology and nonlinear transport, as the yielded, flowing fraction percolates through the porous media. The rerouting of fluid streamlines, in response to pressure changes, reveals a novel dispersal mechanism not observed in viscous Newtonian flows. While this two-dimensional model system has provided fundamental insights into YSF flows, the higher pore connectivity in three-dimensional systems may reveal unforeseen topological transitions in the fluid network, as well as new dispersion and mixing mechanisms [38] . Furthermore, YSFs often exhibit creep and other complex rheologies [1] , potentially blurring the idealized distinction of the fluidized network and augmenting transport over long time scales, which is relevant to geophysical processes [6] . From a practical perspective, our findings have immediate implications for industrial and natural applications [1, 5, 9, 44] including remediation, extraction, filtration, and biofilms [45] in porous media. The porous YSF flows studied here illustrate a novel class of physically tractable systems that add to the diversity of percolation [15, 26, 28, 39] and breakdown phenomena [31, 46, 47] in complex dynamical networks.
